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Abstract
We prove that if M is a connected, compact, orientable, irreducible 3-manifold with incompress-
ible torus boundary and r is a planar boundary slope in ∂M , then either M contains an essential
non-persistent torus with boundary slope r , or a closed essential torus which compresses in the Dehn
filling M(r), or M(r) is ‘small’ (meaning M(r) is a manifold of the form L#L′, where each factor
L,L′ is either S3, S1 × S2, or a lens space). We also give an example of an infinite family of hyper-
bolic manifolds with torus boundary, each of which contains two essential non-persistent punctured
tori of distinct boundary slopes associated to two reducible Dehn fillings. The main result may also
be applied to give a condition under which a knot in S3 with a reducible surgery must be cabled. We
further study the reducible surgeries on knots in S3, and show that each prime factor in such a surgery
is, with at most one exception, a lens space. Ó 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
We will work in the PL category throughout the paper. Let M be a connected, compact,
orientable, irreducible 3-manifold with incompressible torus boundary (e.g., a knot exterior
in S3). The isotopy class of a simple closed curve in ∂M will be called its slope. If r is
a slope of ∂M , we denote by M(r) the result of performing a Dehn filling of M along r .
A reducible Dehn filling on M is one that corresponds to a slope r such that M(r) is
reducible; such a slope r is called a reducible slope of M . All surfaces in M are assumed
to be compact, orientable, and properly embedded. If F is a surface in M , with boundary
slope r , we denote by F̂ the closed surface in M(r) obtained by capping off the boundary
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components of F with meridian disks of the solid torus used in the Dehn filling. Borrowing
terminology commonly used in the context of essential laminations, we will say that an
essential compact surface F properly embedded in M is non-persistent if F̂ compresses in
M(r) for some slope r; otherwise, F is said to be persistent. Observe that if ∂F 6= ∅ then
r must be the boundary slope of F .
Suppose now that M is a 3-manifold as above and r is a slope in ∂M . We say that
M(r) is small if it is homeomorphic to a connected sum of the form L#L′, where each
of the manifolds L and L′ is either S3, S1 × S2, or a lens space. Our first result states
that, generically (i.e., if M(r) is not small), a planar boundary slope gives rise to essential
non-persistent tori:
Theorem 1. If M contains an essential planar surface with boundary slope r , then either
(1) M(r) is small, or
(2) there is an essential separating planar surface P in M with boundary slope r , such
that either
(a) M contains an essential non-persistent separating torus with boundary slope r ,
which is disjoint from P and has fewer boundary components;
(b) M contains a closed essential separating torus which is disjoint from P and
compresses in M(r).
For examples satisfying item (1) of Theorem 1, see [4,8,19]; a general way to construct
related examples is given in [12]. Items (1) and (2a) may be simultaneously realized by
hyperbolic knot complements in S3 that contain an essential planar surface with meridional
boundary slope, while item (2b) is easily realized by exteriors of cabled knots in S3. Notice
that if M satisfies item (2) of Theorem 1, then M contains an essential closed surface by
[1], and if the essential closed torus in (2b) compresses in M(s) for some other slope s,
then either ∆(r, s)= 1 or the surface P may be assumed to be an annulus.
Theorem 1 may also be established using techniques developed by Gordon and Luecke
in [1]; our approach is more elementary and gives an explicit picture of what the essential
non-persistent tori might be. Combining Theorem 1 with Scharlemann’s proof of the
Cabling Conjecture for satellite knots [15], and Gabai’s proof of Property R and the
Poenaru Conjecture [3] (see also [7]), yields the following result:
Corollary 2. LetK be a knot in S3 andM its exterior. If r is a reducible surgery ofM , and
each essential punctured torus in M that has boundary slope r is persistent, then either
M(r) is a connected sum of two lens spaces or K is a cable knot.
Observe that, by [6], r must be an integral slope. The Cabling Conjecture remains
open for hyperbolic knots in S3, and all known examples of non-meridional essential
punctured tori in hyperbolic knot complements in S3 are persistent (see, for example, [2,
13]). Corollary 2 shows that, in the case of hyperbolic knots, the question of persistence
of essential punctured tori with integral boundary slope and the Cabling Conjecture are
related. It is not hard to construct examples of hyperbolic knots whose exterior contains
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an essential non-persistent punctured torus, as long as we allow their boundary slope to
be meridional. The situation is different for hyperbolic knot complements in arbitrary 3-
manifolds; in fact, Proposition 9 in Section 4 gives an example of an infinite family of
hyperbolic 3-manifolds Mr with torus boundary, for r = p/q ∈ Q, |p|, |q| > 1, each of
which contains two essential non-persistent punctured tori associated to different reducible
Dehn fillings.
We study the reducible surgeries of knots in S3 a bit further, and show that most factors
in such a surgery are rather small:
Theorem 3. Let M be the exterior of a knot K in S3 and r a slope of ∂M . If M(r) is
reducible, then at most one of its prime factors is not a lens space.
This result first appeared in [18]; it follows that pi1M(r) must be isomorphic to a free
product of the form Z/n1Z ∗ Z/n2Z ∗ · · ·Z/nkZ ∗G, where the ni ’s are relatively prime
integers and G is a non-splittable group. However, pi1M(r) is a group of weight 1, and the
question of whether a group which can be factored as above with at least 3 cyclic factors has
weight 1 remains open (see [4]). A negative answer to this question would imply, in light
of Theorem 3, thatM(r) can have at most 3 prime factors, giving a universal bound for the
number of prime factors of M(r); the optimal bound in light of the Cabling Conjecture is
2. In this direction, Theorem 3 gives the best such bound for restricted surgery coefficients:
Corollary 4. Any manifold obtained by pn/1 surgery on a nontrivial knot in S3, with p a
prime, has at most two prime connected summands.
The paper is organized as follows. The proof of Theorem 1 is given in Section 2, and
Section 3 contains the proof of Theorem 3; finally, we give the construction of the infinite
family of 3-manifolds Mr in Section 4. We assume the reader is familiar with standard
terminology and constructions as they appear, for example, in [11,14]; in Section 4,
familiarity with the papers [1,5,7] is also assumed.
2. Non-persistent tori
The following notation will be used for the rest of the paper. Let Vr denote the solid
torus used in the Dehn filling M(r)=M ∪∂ Vr ; we fix a core of Vr and denote it by Kr .
Let F̂ be a closed surface in M(r) that intersects Kr transversely; the complexity of F̂
is defined as the number c(F̂ ) = |F̂ ∩Kr |. We may assume that F̂ ∩ V consists of c(F̂ )
disks, so that F = F̂ ∩M is a properly embedded surface in M which has c(F̂ ) boundary
components. If F ⊂M is a properly embedded surface, we define its complexity c(F ) to
be the number of boundary components of F . If F is one such surface having boundary
components of slope r , then we can construct a closed embedded surface F̂ in M(r) by
capping off ∂F with disjoint meridian disks of Vr ; observe that c(F )= c(F̂ ) in this case.
As usual, the manifold obtained by capping off all 2-sphere boundary components of some
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3-manifoldM will be denoted by M̂ . IfM is an arbitrary manifold and R ⊂M , the closure
of any component of M \R will be called a complementary region of R in M .
Proof of Theorem 1. Let P be an essential planar surface in M with boundary slope r .
If P is non-separating in M , then P̂ is non-separating in M(r) and therefore M(r) is of
the form S1 × S2#M ′, where M ′ is some closed 3-manifold. If M ′ = S3 then M(r) is
small, else M(r) is reducible and hence M contains an essential separating planar surface
(this fact is standard, see [17, Lemma 3] for details). Therefore, we may assume that P is
essential and separating, and that c(P ) is smallest subject to these conditions. Denote the
complementary regions of P in M by P+ and P−; similarly, the complementary regions
of P̂ in M(r) will be denoted by P̂+ and P̂−, where P+ ⊂ P̂+. We call P+ and P̂+ the
positive side of P and P̂ , respectively. The following result will be useful in the sequel:
Claim 5. Let Ŝ be a separating 2-sphere in M(r) which is transverse to Kr and such that
(S1) Ŝ is disjoint from P̂ ;
(S2) Ŝ splits M(r) into two components, and the component not containing P̂ is not a
3-ball;
(S3) c(Ŝ) is smallest, subject to (S1), (S2) above.
Then c(Ŝ)> c(P̂ ).
Proof. Suppose c(Ŝ) < c(P̂ ). Since M is irreducible, c(Ŝ) > 0 by (S2), and hence S
compresses in M by minimality of c(P ). Let DS be a nontrivial compression disk of S
in M; as P is essential, we may assume that DS ∩ P = ∅. Compressing Ŝ along DS
produces two separating 2-spheres Ŝ′, Ŝ′′ of smaller complexity, at least one of which,
say Ŝ′, satisfies (S1) and (S2); since Ŝ′ is separating and c(Ŝ′) < c(Ŝ) contradicts (S3), it
follows that c(Ŝ)> c(P̂ ). 2
We now construct a candidate to be an essential non-persistent torus in M . The circles
of ∂P separate ∂M into a union of annuli. Let A be one such annulus in the positive side
of P̂ , and let TP be the punctured torus in M obtained by attaching A to P along ∂A and
pushing the result slightly away from P , so that P ∩ TP = ∅. It is then clear that T̂P and P̂
cobound a punctured solid torus in M(r), and that c(T̂P ) < c(P̂ ). Now let T̂ be a torus in
M(r) which is transverse to Kr and satisfies the following conditions:
(T1) T̂ lies in the positive side of P̂ , and cobounds with P̂ a punctured solid torus in
M(r);
(T2) c(T̂ ) < c(P̂ );
(T3) c(T̂ ) is smallest subject to the above constraints.
Suppose D is a nontrivial compression disk for T in M; since P is essential in M , we
may assume that D and P are disjoint. Surgering T along D yields either a planar surface
if ∂D is non-separating in T̂ , or a union of a planar surface and a toroidal surface if ∂D
separates T̂ . Let F denote the higher genus surface in each case, so that F is either planar
or toroidal; after a small isotopy, F may be assumed to be disjoint from P ∪ T . We will
call negative the sides of T̂ and F̂ containing P̂ , and positive their other sides. We proceed
according to the following two cases:
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Case 1. F is planar. Observe that c(F̂ )= c(T̂ ) in this case, so c(F̂ ) < c(P̂ ) by (T2). It
follows from Claim 5 that the positive side of F̂ is a 3-ball. If D lies in the negative side
of T̂ then, by (T1), F̂ is a 2-sphere parallel to P̂ in M(r), hence P̂+ is also a 3-ball. If D
lies in the positive side of T̂ , F̂ and P̂ cobound a subspace of M(r) of Heegaard genus at
most 1, and since the positive side of F̂ is a 3-ball, it follows that the Heegaard genus of
P̂+ must be at most 1. Therefore, P̂+ is either a punctured S3, S1 × S2, or a lens space.
Case 2. F is toroidal. As ∂D separates T̂ in this case, 0 < c(F̂ ) < c(T̂ ). Let E ⊂ T̂
be the disk bounded by ∂D in T̂ , and let P̂ ′ denote the 2-sphere D ∪ E ⊂M(r). Since
c(P̂ ′) 6 c(T̂ ) < c(P̂ ), it follows from Claim 5 that the side of P̂ ′ not containing P̂ is a
3-ball. But then, by (T1), F̂ and P̂ must cobound a punctured solid torus, contradicting
(T3). Therefore this case does not arise.
It follows that either T is incompressible in P+, and hence essential in M , or P̂+ is
either a punctured S3, S1 × S2, or lens space. A similar conclusion holds for P−, so the
theorem follows. 2
3. Reducible surgeries on a knot
Let K be a knot in S3, and denote its exterior by M . We fix a meridian-longitude pair
of circles µ,λ embedded in ∂M and use them to parameterize the slopes of simple closed
curves in ∂M by Q ∪ {∞}, as in [14]. The slope of an unoriented simple closed curve c
whose homology class in ∂M is given by ±(mµ + nλ) is then in correspondence with
the rational number r = m/n if n 6= 0, and with ∞ (the slope of a meridian circle of K)
otherwise.
Let P be an essential planar surface properly embedded in M; by [6], such a surface
must have integral boundary slope, and by the argument in §4(A) of [3], there is a planar
surface Q properly embedded in M with meridional boundary slope which intersects P
transversely and such that neither graph of intersection GP = P ∩Q⊂ P , GQ = P ∩Q⊂
Q has boundary parallel edges. We say that such a Q is a Gabai surface for P . Under this
conditions, Gordon and Luecke proved in [7] that the graph GQ must have at least one
Scharlemann cycle; we refer the reader to [7] for definitions of this and related terms.
Given a slope r in ∂M , the Dehn fillingM(r) is said to have been obtained by performing
r-surgery onK . The complexity of any surface inM orM(r) is measured as in the previous
section.
Proof of Theorem 3. Suppose that M(r)=M ∪∂ V is reducible. Arguing by contradic-
tion, assume thatM(r) has two prime factorsM1 andM2 which are not lens spaces, and let
P̂ be an embedded 2-sphere in M(r) that separates M1 from M2. Without loss of general-
ity, we may assume that P̂ ∩V is transverse and consists of c(P̂ ) disjoint disks. Among all
such 2-spheres P̂ , choose one of smallest complexity; observe that c(P̂ ) > 0 necessarily.
SinceM is irreducible, it follows that the planar surface P = P̂ ∩M must be essential in
M; if Q is a Gabai surface for P , then the induced graphs of intersectionGP andGQ have
no boundary-parallel edges and, since P is essential inM , GQ may be assumed to have no
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trivial circle components. It now follows from [7] that GQ has a Scharlemann cycle which
bounds a disk face F of GQ, with (intF)∩GP = ∅.
The argument now proceeds as in the proof of Lemma 2.5.2(b) of [1]: the boundary of
P splits the torus ∂M into a union of annuli; let A be the annulus which is intersected by
∂F , and let D be a meridian disk of Vr such that ∂D is a core of A. Construct now a 3-
submanifoldN ofM(r) by taking a small regular neighborhood in M(r) of the 2-complex
P̂ ∪A∪D∪F ; we say thatN has been obtained by ‘attaching’ the Scharlemann cycle disk
face F to P̂ . Assuming that the regular neighborhood used to construct N is sufficiently
small, ∂N will consist of two 2-sphere components P̂ ′ and P̂ ′′, where by construction we
may assume that P̂ ′, say, is parallel to P̂ in M(r) and intersects V in c(P̂ ) disks, while P̂ ′′
intersects V in c(P̂ )− 2 disks. Since clearly N̂ is a lens space, it follows that P̂ ′′ separates
the factorsM1 and M2, contradicting minimality of c(P̂ ). The theorem follows. 2
4. A nontrivial example
In this section, we construct a family of hyperbolic 3-manifoldsMr with torus boundary,
for r = p/q ∈ Q \ {0}, each containing a pair of essential punctured separating planar
surfaces P,Q. Moreover, if |p|, |q| > 1, each Mr contains essential non-persistent
punctured tori of the same boundary slope as P and Q.
According to [5], there is a compact, orientable 3-manifold M0 with boundary which
satisfies the following properties:
(C1) ∂M0 consists of two tori T0, T and four 2-spheres;
(C2) there are compact planar separating surfaces (P, ∂P ), (Q,∂Q) ⊂ (M0, T0), each
with four boundary components, which are essential and intersect transversely
giving rise to the graphsGP = P ∩Q⊂ P andGQ = P ∩Q⊂Q shown in Fig. 1;
(C3) M0 is homeomorphic to a regular neighborhood of the 2-complex T0 ∪ P ∪Q;
(C4) there is an involution f :M0→M0 such that f (P )=Q.
The boundary circles of P are consecutively labeled by 1, 2, 3, 4, according to their order
of appearance on T ; the boundary circles of Q get a similar labeling. These are the labels
that appear in the graphsGP ,GQ in Fig. 1; see [1] or [7] for more information. It is shown
in [5] that P and Q are essential in M0 and that M0 is irreducible. These properties of M0
will also follow from our work in this section.
The four circles of ∂P split ∂Mr = T0 into four annuli which we denote by A12, A23,
A34, A41, whereA12 is bounded by the circles 1 and 2, etc. Similarly, the circles in ∂Q split
∂Mr = T0 into four annuliB12, B23, B34, B41, where B12 is bounded by the circles 1 and 2,
etc. Also, the circles ∂P ∪ ∂Q split the torus T0 into 16 rectangles. From condition (C3)
above, we see that each boundary component F of M0 is isotopic to a closed surface
F0 ⊂ T0 ∪ P ∪Q obtained as a union of some of the rectangles in T0 and disk faces from
the graphs GP and GQ. The combinatorial structure of each such surface F0 is shown in
Fig. 2. The torus boundary component T gets a natural meridian-longitude pair given by
the curves µ,λ (with some fixed orientation) specified in Fig. 2. The slope of any simple
closed curve γ ⊂ T will be computed with respect to the coordinates induced by this pair
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Fig. 1. The graphs GP = P ∩Q⊂ P and GQ = P ∩Q⊂Q.
Fig. 2. Combinatorial structure of ∂M0; the small rectangular faces are pieces of T0.
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Fig. 3. Attaching circles c′1, c′2 in Ĥ ′.
µ,λ; that is, if γ = aµ+bλ inH1(T ), then the slope of γ will be a/b. We denote the Dehn
filling M0 ∪T0 S1 ×D2 along ∂P (∂Q, respectively) by M0(∂P ) (M0(∂Q), respectively).
Lemma 6. For τ = ∂P or ∂Q, M0(τ ) = RP3#N , where N is a punctured Seifert fiber
manifold over the disk with two singular fibers of indices 2,2.
Proof. We assume that τ = ∂P , the other case being similar. The 2-sphere P̂ splits
M0(∂P ) into two manifolds M ′0 and M ′′0 and the surgery solid torus V∂P into four 1-
handles α12, α23, α34, α41, where α12 ∩ ∂M0 = A12, etc., so that, say, α23 and α41 lie
in M ′0, and α12 and α34 lie in M ′′0 . Let H ′ and H ′′ be the once-punctured handlebodies
(N ′′(P̂ )∪V∂P )∩M ′0 and (N ′(P̂ )∪V∂P )∩M ′′0 , respectively, whereN ′(P ),N ′′(P ) denote
regular neighborhoods in M ′0,M ′′0 , respectively.
Notice that each of the four 2-edged disk faces of GQ lies in M ′0 with boundary in ∂Ĥ ′,
while each of the two 4-edged disk faces lies in M ′′0 with boundary in ∂Ĥ ′′; also, each of
the boundary circles of the 2-edged disk faces is parallel to one of the circles c′1, c′2 shown
in Fig. 3, and the boundary of each 4-edged disk face is parallel to the circle c′′ in Fig. 4.
The circles c′1, c′2, and c′′ may be taken to be the boundary of the disk faces of GQ with
edges consecutively labeled ad,αβ , and βbδd , respectively. Therefore,
• M̂ ′0 is the compression body obtained by attaching two 2-handles to the genus 2
handlebody Ĥ ′ along each of the curves c′1, c′2 shown in Fig. 3;
• M̂ ′′0 the compression body obtained by attaching one 2-handle to the genus 2
handlebody Ĥ ′′ along the curve c′′ shown in Fig. 4.
Clearly, M̂ ′0 is homeomorphic to RP3, while M̂ ′′0 is homeomorphic to a manifold obtained
by gluing two solid tori along an essential annulus that has winding number 2 in each of
the solid tori, and hence it is homeomorphic to a Seifert fiber manifold over the disk with
two singular fibers of indices 2,2. Since M0(τ )=M ′0#M ′′0 , the lemma follows. 2
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Fig. 4. Attaching circle c′′ in Ĥ ′′. Note the fiber circles µ, λ⊂ T .
Remark 7. Observe that the curve µ⊂ T is a regular fiber of M̂ ′′0 (see Fig. 4); similarly,
λ⊂ T is a regular fiber for the case τ = ∂Q.
Let r be a slope in T , with r 6= µ,λ (i.e., r ∈Q \ {0}), and let Mr =M0 ∪T S1 ×D2 be
the Dehn filling of M0 along r . We cap off the 2-sphere boundary components of Mr with
3-balls and continue to denote byMr the resulting manifold. From now on, we will restrict
our discussion to properties of the manifold Mr(∂P ), with the understanding that parallel
properties hold for Mr(∂Q).
Remark 8. By Lemma 6 and Remark 7, it follows that Mr(∂P ) = RP3#Nr , where Nr is
a Seifert fibered space over the 2-sphere with at most 3 singular fibers of indices 2,2, |q|,
if r = p/q . It is not hard to see that, for p 6= 0,
Mp/1(∂P )= RP3#L|4p|,
where L|4p| is a lens space with fundamental group of order |4p|. Hence Mr(∂P ) is small
iff |q| = 1; in a similar way, Mr(∂Q) is small iff |p| = 1.
Proposition 9. Let r = p/q ∈Q \ {0}.
(a) For each r , Mr is hyperbolic and the planar surfaces P,Q are essential.
(b) If |q| > 1 (|p| > 1, respectively), then there is an essential non-persistent twice
punctured torus TP (TQ, respectively) in Mr which is disjoint from P (Q,
respectively); in particular, TP and P (TQ and Q, respectively) have the same
boundary slope.
The proof of Proposition 9 is somewhat involved and will be split into several smaller
lemmas.
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Fig. 5.
Lemma 10. P and Q are essential in Mr .
Proof. We show that P is essential in Mr ; the proof for Q follows along similar lines.
Suppose D is a compression disk for P which intersects Q transversely with |D ∩ Q|
minimal. D lies in one of the two sides of P , and D ∩Q⊂D consists of arcs and circles.
From the point of view of Q, the circles ofD ∩Q lie in the interior of the disk faces of Q,
and can be gotten rid off by surgering D to reduce |D ∩Q|; hence D ∩Q consists only
of arcs. Suppose now that x is an outermost arc of D ∩Q⊂D, cobounding a disk E ⊂D
with an arc y ⊂ ∂D; x and y are then arcs in some disk faces of Q and P , respectively,
with ∂x = ∂y , and E is a properly embedded disk in the closure of some component C
of Mr \ (T0 ∪ P ∪Q). The boundary of C is either a 2-sphere or a torus; in this context,
we say that the circle x ∪ y is trivial if x or y cobounds a disk with part of an arc of
P ∩Q in P or Q, respectively (see Fig. 5(a)), or nontrivial otherwise (see Fig. 5(b)). In
the trivial cases, since C is either a 3-ball or a solid torus, it is possible to reduce |D ∩Q|
by isotoping E through Q and then pushing the new disk D away from Q. From the
combinatorial structure of ∂C as given in Fig. 2, the nontrivial cases may occur only when
∂C is a torus, and then ∂E = x ∪ y must be parallel to either µ or λ, neither of which is a
meridian of the solid torus C. By minimality of |D ∩Q|, it follows that D ∩Q = ∅, and
hence that ∂D lies in a disk component of GP . Thus D is a trivial compression disk of P ,
and therefore P is incompressible in Mr . Since P is not an annulus, it must be essential
as well. 2
At this point, we introduce more notation that will be used for the rest of the paper.
Recall that ∂M0 consists of four 2-spheres and one torus T . Let P− and P+ denote
the complementary regions of P in Mr , with T ⊂ P+. Then ∂P− = P ∪ A23 ∪ A41
and ∂P+ = P ∪ A12 ∪ A34. It follows that ∂P− = ∂Ĥ ′, and that P− is the genus
2 handlebody obtained by attaching two 2-handles along c′1 and c′2 to ∂Ĥ ′. Similarly,
∂P+ = ∂Ĥ ′′ and P+ is the genus 2 handlebody obtained by attaching two 2-handles to
∂Ĥ ′′ along c′′ and a curve in T ⊂ ∂P+ representing pµ + qλ. Observe that P− ⊂M0.
Denote the complementary regions of Q in Mr by Q− and Q+, with T ⊂ Q+. Then
∂Q− =Q∪B12 ∪B34 and ∂Q+ =Q∪B23 ∪B41.
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Fig. 6. The circles a′, b′ ⊂ ∂Ĥ ′ = ∂P− and a′′, b′′ ⊂ ∂Ĥ ′′ = ∂P+ .
It can be proved that P is not pi1-injective in either P+ ⊂M1/0 or P+ ⊂M0/1 (this can
be seen directly from Fig. 4); we omit the details. Hence P , and similarly Q, compresses
in M1/0 and M0/1, so the conclusion of Lemma 10 is best possible.
Lemma 11. Mr is irreducible and boundary incompressible.
Proof. That Mr is irreducible follows since Mr = P− ∪P P+, each P− and P+ is
irreducible, and P is incompressible in P− and P+. Since Mr(∂P ) is reducible, Mr is
not a solid torus, and hence ∂Mr is incompressible. 2
Let a′, b′ and a′′, b′′ be the circles in ∂Ĥ ′ = ∂P− and ∂Ĥ ′′ = ∂P+, respectively, as
shown in Fig. 6. We use these circles in the next lemma to compute the homology of P̂−,
P̂+, and Mr(∂P ). Similar results are obtained with Q in place of P .
Lemma 12.
(a) H1(P̂−)= 〈a′, b′ | a′ + b′ = 0, a′ − b′ = 0〉 = Z/2Z;
(b) H1(P̂+) = 〈a′′, b′′ | 2a′′ + 2b′′ = 0, (2p+ q)a′′ + qb′′ = 0〉
=
{
Z/2Z⊕Z/|2p|Z if q is even,
Z/|4p|Z if q is odd.
Hence,
H1
(
Mr(∂P )
)= {Z/2Z⊕Z/2Z⊕Z/|2p|Z if q is even,Z/2Z⊕Z/|4p|Z if q is odd.
In particular, any embedded closed surface in Mr(∂P ) is separating, and Mr does not
embed in S3.
A 3-manifold with torus boundary is said to be t-annular if it contains a properly
embedded essential annulus with boundary slope t ; otherwise, the manifold is t-annular.
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Lemma 13. Mr is t-annular for t the slope of ∂P or ∂Q.
Proof. Suppose that A ⊂ Mr is a properly embedded essential annulus with boundary
slope ∂P (the proof is similar if A andQ have the same boundary slope). We may assume
that A intersects P transversely with ∂A ∩ ∂P = ∅ and |A ∩ P | minimal; hence, A ∩ P
consists only of circles which are essential in both A and P . Suppose A ∩ P 6= ∅, and let
σ be a circle in A ∩ P which is outermost in A, and Aσ ⊂ A be the outermost annulus
cut out by σ ; σ cobounds with ∂P a region Pσ ⊂ P which contains either one or two of
the boundary components of P (see Fig. 7). In the case shown in Fig. 7(a), A′ =Aσ ∪ Pσ
is an annulus which, if not parallel to one of the annuli A12, . . . ,A41, can be pushed off
from P to yield an essential annulus disjoint from P ; if A′ is parallel to one of the annuli
A12, . . . ,A41, then A may be isotoped so as to get rid of (at least) the circle of intersection
σ , reducing |A∩P |. Either situation contradicts minimality of |A∩P |. In the case shown
in Fig. 7(b), A′ = Aσ ∪ Pσ is a planar surface in Mr with 3 boundary components of
the same slope as ∂P and so Mr(∂P ) contains a non-separating 2-sphere, contradicting
Lemma 12. It follows that A∩P = ∅.
We may now assume that A intersects Q transversely with |A ∩Q| smallest, so that
A ∩ Q consists only of arcs. If A ⊂ P− then A ⊂ M0, hence the annulus A′ = f (A)
(where f is the involution of M0 stated in property C4 above) is also essential in M0 but
has the same boundary slope as Q. This situation is impossible: if A and A′ are isotoped
until they intersect transversely and minimally, then, by the Parity Rule (see [1] or [7]),
one of the two graphs of intersection A ∩ A′ ⊂ A or A ∩ A′ ⊂ A′ must necessarily have
boundary parallel arcs, making either A or A′ boundary parallel in Mr and hence non-
essential. If A⊂ P+, then the graph A∩Q⊂Q must be of one of the two types shown in
Fig. 8 (there is actually a third type of graph, shown as broken arcs in Fig. 8(a), which can
be dealt with in the same way as the type shown in that figure). In each case of Fig. 8, the
four arcs A∩Q⊂ A split A into four disks, each of which is properly embedded in some
complementary region of P ∪Q in Mr . Two of them (shaded in Fig. 8(a), (b)) lie in the
solid torus complementary region C with ∂C = T . The boundary of each one of these two
disks is a curve parallel to the fiber circle µ of T , in the case of Fig. 8(a), and to the fiber
circle λ in the case of Fig. 8(b). Since, by our choice of r , neither circle µ,λ bounds a disk
in the solid torus C, this case is impossible too. The lemma follows. 2
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Fig. 8. The graphs A ∩Q⊂Q (above) and A ∩Q⊂ A (below). The arcs of P ∩Q⊂Q are shown
as thin lines.
A 3-manifold which contains an essential closed torus is said to be toroidal; otherwise,
the manifold is atoroidal. We will see that Mr is atoroidal for almost all r as a corollary
of the next general result. LetM be an irreducible 3-manifold with incompressible torus
boundary, and let P be an essential planar surface properly embedded inM with c(P)= 4
and boundary slope s, such that each complementary region of P inM is atoroidal.
Lemma 14. SupposeM is toroidal. Then the following hold:
(a) any essential closed torus inM compresses inM(s);
(b) if either P is non-separating or M contains a non-separating closed torus, then
M(s) has an S1 × S2 connected summand.
If P and any closed torus inM are separating, then,
(c) eitherM is s-annular orM(s) has two lens space connected summands;
(d) ifM is s-annular, then any essential torus T inM compresses inM(s) via a disk
D̂s such that:
(i) c(Ds)= 2, and
(ii) ∂D̂s is the slope of an essential annulus As in the complementary region of T
not containing ∂M.
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Proof. Suppose M is toroidal, and let T be any essential closed torus in M. Isotope
T so that it intersects P transversely and |T ∩ P | is smallest subject to this condition.
Since each complementary region of P is atoroidal, then |T ∩ P | > 0, and each circle
component of T ∩ P is essential in T and P . It follows that T compresses inM(s) via a
disk complementary region of T ∩ P in P̂ , hence (a) holds. If T is non-separating then,
by the irreducibility ofM, it must be essential inM and compress into a non-separating
2-sphere inM(s), hence (b) holds.
Assume now that P and any essential closed torus in M are separating; denote the
complementary regions of P and T inM by P+,P− and T +,T −, respectively, so that
T + is the region not containing ∂M. Denote the components of ∂P by ∂iP for 16 i 6 4,
let Ci be the collection of circles in T ∩ P which are parallel to ∂iP in P , and let C be
the collection of any remaining circles; notice that the each of the circles in C separate
two of the components of ∂P from the other two and are therefore parallel to each other
in P . Suppose |Ci |> 1 for some i , and let c be an outermost component of Ci in P . Let
A be the annular region in P cobounded by ∂iP and c; then T ∩ intA= ∅, and one of the
components of the frontier of a regular neighborhood of T ∪ A is an essential annulus in
M with boundary slope s. Assume now that Ci is empty for each i; since P separatesM,
it follows that |C| > 2 necessarily. Therefore, there is an annular complementary region
As of C = T ∩P in P which is essential in T +. Moreover, T compresses inM(s) via a
disk complementary region D̂s of C in P̂ which, by definition of C, satisfies c(Ds) = 2;
clearly, ∂D̂s and ∂As are parallel in T . This proves (d).
In particular, when T + is atoroidal, a case which in fact occurs by Haken’s Finiteness
Theorem [9], the irreducibility of T + implies that As splits T + into a union of two solid
tori; therefore T + is a Seifert fiber space over the disk with two singular fibers, and each
component of ∂As is a regular fiber of this fibering of T +. By (d), ∂D̂s is also a fiber of
T + and soM(s) has two lens space connected summands; hence (c) holds. 2
Denote the boundary slopes of P and Q by s and t , respectively. Recall that each
complementary region of P or Q in Mr is a handlebody, hence atoroidal, and that by
Lemmas 12 and 13, Mr is s- and t-annular and every closed surface in Mr is separating.
If Mr is toroidal then, by Lemma 14(c) applied to P ⊂Mr and Remark 8, we must have
r = p/1 for some p 6= 0, and the same argument applied to Q⊂Mp/1 further implies that
p =±1. Therefore, either Mr is atoroidal or r =±1. To see that Mr is also atoroidal for
r =±1 requires just a little more work.
Lemma 15. Mr is atoroidal for each r ∈Q \ {0}.
Proof. Suppose Mr is toroidal, and let T be any essential closed torus in Mr . By
Lemma 14(d), which applies in light of our previous remarks, for each α ∈ {s, t}, there is
an essential annulus Aα in T + and a compression disk D̂α of T in Mr(α) with c(Dα)= 2,
such that ∂D̂α and ∂Aα represent the same slope in T . Since the annuliAs,At are essential
in T +, the Parity Rule implies that their boundary slopes are the same, hence we may
assume that ∂Ds ∩ ∂Dt = ∅ and that Ds,Dt intersect transversely with |Ds ∩Dt | smallest
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subject to these conditions. It follows that the graphs of intersection Gs =Ds ∩Dt ⊂Ds
and Gt = Ds ∩Dt ⊂ Dt have no boundary arcs and no boundary parallel arcs, and that
every circle component ofDs ∩Dt is essential inDs andDt . Therefore, by the Parity Rule,
the graphsGs and Gt must be of the types shown in Fig. 9, where {α,β} = {s, t}. Observe
that the graphGα , the one with positive vertices, has a Scharlemann cycle; ‘attaching’ this
Scharlemann cycle to the disk Dβ via the construction used in the last part of the proof
of Theorem 3 will yield a new compression disk D′ for T in Mr(β) with ∂D′ = ∂Dβ
and c(D′)= 0. Hence D′ ⊂Mr , which contradicts the incompressibility of T in Mr . The
lemma follows. 2
Proof of Proposition 9. That Mr is irreducible with incompressible torus boundary and
P,Q are essential, for each r = p/q ∈ Q \ {0}, follows from Lemmas 10 and 11; in
particular, Mr is a Haken manifold. By Remark 8, neither Mr(∂P ) nor Mr(∂Q) is Seifert
fibered, hence by [10] Mr is not Seifert fibered. Since, by Lemma 15, Mr is atoroidal, it
follows from Thurston’s Geometrization Theorem [16] that Mr is hyperbolic. Hence (a)
holds.
Suppose now that |q|> 1, and let TP be the properly embedded twice punctured torus in
Mr obtained by pushing P ∪A34 (P ∪A12 works too) slightly away from P and into P+;
observe that TP and P then have the same boundary slope. Since Mr(∂P ) is reducible and
not small for |q|> 1, the planar surface P is essential of minimal complexity relative to its
boundary slope by Lemma 13, andMr contains no essential torus which is disjoint from P ,
that TP is essential and non-persistent inMr follows directly from the proof of Theorem 1.
This proves the first half of (b), and the other half follows by a similar argument. 2
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